For a triangulated category with a bounded t-structure, we prove that there is a bijection between wide subcategories of its heart and thick subcategories of the triangulated category which are closed under the corresponding cohomological functor. We prove that a finite-dimensional triangular algebra over an algebraically closed field is hereditary if and only if any thick subcategory of the bounded derived category is closed under the usual cohomological functor.
Introduction
To study the structure of a given category, an important approach is classifying its subcategories with certain properties. In this context, the definitive work was due to Gabriel in 1960s [9] . For a triangulated category, thick subcategories are full triangulated subcategories closed under taking direct summands, which are used to gain information of the given triangulated category, and the classification of thick subcategories becomes an important theme in the study of triangulated categories, for instance, the derived categories of rings and stable module categories of self-injective algebras, see [12, 19, 21 , 3, 5, 4, 6, 7, 15]. On the level of abelian categories, especially for module categories of rings, a high emphasis has been placed on the wide subcategories, namely, the abelian subcategories closed under extensions. The concept of wide subcategory was first introduced by Hovey and he classified wide subcategories closed under small coproduct of the module categories for commutative noetherian rings [13] (see also [17] ). Also for commutative noetherian rings, Takahashi introduced the concept of H 0 -stable subcategory of derived category, and obtained a bijection between H 0 -stable localizing subcategories in unbounded derived category and the wide subcategories of Mod A closed under small coproduct via the coherent subsets of the prime spectrum of A [20] . Moreover, Brüning established the one-toone correspondence between the thick subcategories of bounded derived category of a hereditary abelian category and its wide subcategories [8] .
This paper attempts to answer a natural question: which kinds of functors can connect the thick subcategories of a triangulated category and the wide subcategories of an abelian category? We find a partial answer in the following setting. Let T be a triangulated category with a bounded t-structure. One can define a cohomology functor H 0 from T to the heart A determined by the t-structure. 
Let A be an artin R-algebra over a commutative artin ring R. We denote by mod A the category of finitely generated modules and D b (A) the bounded derived category of mod A. It is well known that D b (A) has a standard bounded t-structure whose heart is mod A and cohomology functor is the usual cohomology functor. As a corollary, we classify the H 0 -stable thick subcategories of D b (A) in terms of wide subcategories of mod A, which can be seen as Takahashi's result on the level of thick subcategories of bounded derived categories for artin algebras [20] .
Corollary. Let A be an artin R-algebra. Then there is a bijection between all H
0 -stable thick subcategories of D b (A) and all wide subcategories of mod A.
The corollary above provides a classification of all the thick subcategories in the bounded derived category for those algebras satisfying the property (H): any thick subcategory of the bounded derived category is H 0 -stable. The hereditary artin Ralgebras possess the property (H) since any object in their bounded derived category is isomorphic to the direct sum of the all cohomologies with shifts, see Krause [16] for example. Therefore, the corollary can be seen as a generalization of Brüning's result for the module category of hereditary algebras [8, Theorem 5.1] . Moreover, we prove that a finite-dimensional triangular algebra A over an algebraically closed field is hereditary if and only if A satisfies the property (H).
In the first section, we collect some properties of t-structures and prove the main theorem. The second section is then devoted to studying the H 0 -stable thick subcategories of the bounded derived category.
Bounded t-structures and H
0 -stable thick subcategories
Let T be a triangulated category with Σ the shift functor. Form [2] , a t-structure is a pair of isomorphism closed full subcategories (T 0 , T 0 ) satisfying
(3) For any X ∈ T , we have a triangle and τ 1 : T → T 1 , which are right adjoint and left adjoint to the inclusion functor respectively, such that for any object X ∈ T , we have the distinguished triangle
More generally, we can define
. Then for any object X ∈ T and m n, there is an isomorphism
which is defined to be
, one defines the heart of the t-structure A = T 0 ∩ T 0 , which is an abelian category [10, Theorem 3.4] . Define the cohomology functor associated to
Remark 2.1. Let A be an abelian category and D * (A) be the derived category, where
consisting of all complexes with nonzero cohomologies concentrated in degree i n (resp. i n).
is the standard t-structure with the heart A. Moreover, H n is the usual cohomology functor for any n ∈ Z.
Recall that a t-structure
, and any X ∈ T satisfies H i (X) = 0 for almost all i ∈ Z [10, Definition 3.7.1]. Note that the definition coincides with the one given in [18] 
Lemma 2.2. Let T be a triangulated category and (T
Proof. See [11, Chapter IV.11, Theorem] for the proof of (1)- (3) and we only prove the statement (4). Assume X ∈ T , then there exist m n such that X ∈ T n ∩ T m , and hence H i (X) = 0 for i < m or i > n. Set
and we proceed by induction on hw(X). If hw(X) = 1, then the statement is trivial since X is isomorphic to the nonzero cohomology by (2) . If hw(X) > 1, we assume n = max{i ∈ Z | H i (X) = 0}, then we have the triangle
Note that hw(τ n X) = 1 and hw(τ n−1 X) = hw(X) − 1. Moreover, τ n X ∼ = H n (X) by (1) . Hence the statement follows by induction assumption.
The following definition is originally introduced in [20, Definition 2.5], and we generalize the usual cohomology functor to the cohomology functor determined by an arbitrary t-structure.
Definition 2.3. Suppose T is a triangulated category and (T
Note that for any H 0 -stable subcategory C and any X ∈ C, any H i (X) lies in C since C is closed under shifts. Clearly, the intersection of two H 0 -stable thick subcategories is also H 0 -stable. Moreover, the collection of all H 0 -stable thick subcategories forms a complete lattice, write L Hst (T ), in which the join of a collection of H 0 -stable subcategories is the smallest one containing all of them and the meet is their intersection.
Now we recall the definition of wide subcategory of an abelian category in [13] . Proof.
and we get an exact sequence in φ(C)
is closed under kernels and cokernels. Moreover, if there is a short exact sequence in A as follows
then f determines a triangle in T
which induces a long exact sequence in A
Compare it with the short exact sequence ( * ), we have
Hence M ∈ φ(C) and φ(C) is a wide subcategory.
Next we will show the map ϕ is well-defined. For any M ∈ L w (A), ϕ(M) is closed under shifts by definition. Suppose there is a triangle
0 is a cohomological functor by Lemma 2.2(1), we have a long exact sequence
(M), and ϕ(M) is closed under extensions. Note that M is closed under direct summands, then so is ϕ(M), and thus ϕ(M)
is a thick subcategory. Moreover, for any object X ∈ ϕ(M), we have H 0 (X) ∈ M and hence, seen as an object in T , H 0 (X) ∈ ϕ(M). Therefore, ϕ(M) ∈ L Hst (T ). To show ϕ, φ are lattice morphisms, we need to check:
is generated by elements in M 1 and M 2 via taking kernels, cokernels and extensions. By the proof as above, we know kernels and cokernels in M 1 ∨ M 2 can be viewed as cohomologies of the object in ϕ(M 1 ) ∨ ϕ(M 2 ), and any exact sequence in M 1 ∨ M 2 can be lifted to be a triangle of object in
, and then X ∈ ϕ(M 1 ) ∨ ϕ(M 2 ) since any object can be obtained by extensions with its cohomologies by Lemma 2.2(4).
Since X can be obtained by the objects in C 1 and C 2 via taking cohomologies, taking direct summands, shifts and triangles, M = H 0 (X) can also be obtained by taking kernels, taking cokernels and extensions with the cohomologies of objects in φ(C 1 ) and 
Note that any object can be generated by the cohomologies with triangles by Lemma 2.2(4), then X ∈ C and hence ϕφ(C) = C follows.
H
0 -stable thick subcategories of bounded derived category
Let R be a commutative artin ring and A be a connected associative artin Ralgebra with identity. Throughout this section, we denote by mod A the category of all right A-modules of finite length and by K b (proj A) the homotopy category of bounded complexes of finitely generated projective A-modules. Moreover, D b (A) is the bounded derived category of mod A. For any M ∈ mod A, we denote by S 0 M the stalk complex with M concentrated in degree 0. In this section, we take the standard t-structure (D 0 , D 0 ) with H 0 the usual cohomology functor. By the theorem in previous section, we obtain the following corollary which can be regarded as Takahashi's result within the context of thick subcategories of bounded derived categories for artin algebras [20] . 
Hence we have the following corollary, see also [8, Theorem 5.1] .
Corollary 3.3. If A is a hereditary artin R-algebra, then there is one-to-one correspondence between the thick subcategories of D b (A) and the wide subcategories of mod A.
By the above discussion, those algebras satisfying the property (H) are interesting. We obtain a characterization of these triangular algebras. For this, we need the following preparations.
Lemma 3.4. Let A be an artin R-algebra and P be the set of indecomposable projective
Proof. For any A-module M ∈ mod A, we can take a minimal presentation P
with P 0 concentrated in degree 0. By assumption, S 0 P −1 , S 0 P 0 ∈ C, thus we have
Remark 3.5. In the lemma, one can replace the set P with any set X ⊆ mod A satisfying that each M ∈ mod A admits a surjection X M or an injection M X with X ∈ X . 
with P 0 concentrated in degree 0.
First we will prove Hom
, we have the following commutative diagram:
is not in C viewed as a stalk complex. Therefore, the thick subcategory C is not a H 0 -stable thick subcategory, which is a contradiction to the assumption.
Note that if the algebra is finite-dimensional over an algebraically closed field with finite global dimension, the no loop conjecture implies the ext-vanishing assumption [14] . The following theorem characterizes the finite-dimensional triangular algebras over algebraically closed fields satisfying the property (H). 
Hom A (S 0 , Ω 2 S 0 ) = 0 implies that S 0 is isomorphic to a direct summand of the socle of P −1 . Then we have Hom A (P 0 , P −1 ) = 0 since S 0 is the isomorphic to the top of P 0 . Thus, there exists an indecomposable direct summand P of P −1 , which is not isomorphic to the indecomposable projective A-module P 0 , such that Hom A (P 0 , P ) = 0 = Hom A (P, P 0 ). It is a contradiction with the assumption that A is triangular.
We conclude this paper with a question. 
